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ABSTRACT

The Hybrid system, implemented within Isabelle HOL, allows object
logics to be represented using higher order abstract syntax (HOAS),
and reasoned about using tactical theorem proving in general and prin-
ciples of (co)induction in particular. The form of HOAS provided by
Hybrid is essentially lambda calculus with constants. In this paper, we
present a particular logical framework which can be viewed as a model
of Hybrid, and state and prove that the model is representationally
adequate for the lambda calculus with constants. Of fundamental in-
terest is the form of lambda abstractions provided by Hybrid—each
abstraction is actually a definition of a de Bruijn expression—and
hence the formal system contains a hybrid of named and nameless
bound variable notation. In particular the proof of adequacy involves
a number of proofs by induction which involve higher order symbolic
computations.

1 Introduction

Many people are concerned with the development of computing systems which
can be used to reason about and prove properties of programming languages
[1-3,14,16,26]. In previous work [2], we developed the Hybrid logical system,
implemented in Isabelle HOL, for exactly this purpose. In this paper we develop
an underpinning theory for Hybrid. The key features of Hybrid are:

e it provides a form of logical system within which the syntax of an object
level logic can be adequately represented by higher order abstract syntaz
(HOAS);

e it is consistent with tactical theorem proving in general, and principles of
induction and coinduction in particular; and



e it is definitional which guarantees consistency within a classical type theory.

We will give an overview of the first feature, which should provide sufficient
background for our results; the other features have been discussed in [2], [3]. We
can then proceed to prove our main theorem, an adequacy result for the Hybrid
system. Please note that this result was mentioned in [2] without any proofs;
this is the first complete account. Informally, this result shows that Hybrid
does yield a form of HOAS, into which object level logics can be translated
and reasoned about. More formally, regarding HOAS as a A-calculus with
constants, we will prove that there is a representationally adequate mapping
(see [11,21]) from the usual mathematical system of A-calculus into an idealised
mathematical model of Hybrid.

We proceed as follows. In Section 2 we explain the essence of the variable
binding mechanizm of Hybrid. In Section 3 we prove in detail that de Bruijn
notation provides a representationally adequate model of the A-calculus. In
order to achieve this, we make use of the folklore result that (proper) de
Bruijn expressions and A-calculus expressions are in bijective correspondence;
in fact this is proved in the Appendix A—we include a proof as doing so allows
us to set up our own notation which is crucial for giving intensional details
within our proofs of Hybrid adequacy. In Section 4 we state and prove Hybrid
adequacy, our central result, appealing to Section 3. We conclude in Section 5.

2 An Overview of Hybrid

2.1 A Nowvel Variable Binding Mechanizm

In developing Hybrid, our goal was to define a datatype for A-calculus with
constants over which we can deploy (co)induction principles. This datatype
was thought of as a form of HOAS in which variable binding was to be realized
by Isabelle HOL’s internal meta-variable binding. The goal of this section
is to give a high level overview of the development of the key ideas, which
were originally developed in collaboration with Simon Ambler and Alberto
Momigliano.

The starting point was the work [4] of Andrew Gordon, which we briefly re-
view. It is well known (though rarely proved—see Section 3 and Appendix A)
that A-calculus expressions are in bijection with (a subset of) de Bruijn ex-
pressions. Gordon defines a notation in which expressions have named free
variables given by strings. He can write £ = dLAMBDAve (where v is a
string) which corresponds to a A-abstraction in which dLAMBDA acts as the
usual A-calculus binder. But in fact dLAMBDA is a higher order function. The



function dLAMBDA is defined so that F is actually equal to a de Bruijn expres-
sion which has an outer abstraction, and an immediate subexpression which is
e in de Bruijn form (in which any of the free occurrences of v in e—which were
bound by the outer binder dLAMBDA in E—have been converted to bound
de Bruijn indices). For example,

dLAMBDA v (dAPP (dVAR v) (dVAR u)) =
dABS (dAPP (dBND 0) (dVAR u))

Gordon demonstrates the utility of this approach within a theorem prover. The
user may work with expressions which have explicit named binding variables
(such as the v above), but such expressions are automatically converted to de
Bruijn form by the machine, with which it is easier for the machine to work.
The approach provides a good mechanizm through which the user may work
with named bound variables, but it does not exploit the built in meta-level a-
equivalence which a theorem prover typically possesses. What would be ideal
is a system in which the string binders of Gordon are replaced by meta-level
binders. This is exactly what Hybrid achieves, and is one of the key novelties
of our approach.

Hybrid provides a binding mechanizm similar to dLAMBDA. Gordon’s F would
be written as LAMwv. e in Hybrid. This is also a definition for a de Bruijn
expression; and LAMwv. e can indeed be proved equal to an actual de Bruijn
expression. A crucial difference in our approach is that bound variables are
actually bound meta-variables in Isabelle HOL. Thus the v in LAMwv.e is a
meta-variable (and not a string as in Gordon’s approach) allowing us to exploit
the meta-level a-equivalence.

We give some illustrative examples. Of central importance in the actual im-
plementation of Hybrid is a datatype of de Bruijn expressions, where ¢ and j
are de Bruijn indices, and v are names for constants:

E:=CONv|VARi|BNDj | E$$ E|ABS E
Let Ep = Avg. Avs. vg v3. Gordon would represent this by

E¢ = dLAMBDA v8 (dLAMBDA v2 (dAPP (dVAR v8) (dVARv3)))

which equals dABS (dABS (dAPP (dBND 1) (dVAR v3))). In Hybrid we choose
to denote object level free variables by expressions of the form VAR 7. This
has essentially no impact on the key technical details relating to binders. In
Hybrid the Ey above is rendered as Ey = LAM vg. (LAM vs. (vs $$ VAR 3)). In
Hybrid Ey is equal to ABS (ABS (BND 1 $$ VAR 3)), with the overall effect



being analogous to Gordon’s approach, but the underlying definitions and
details being very different.

To summarise,

e object level free variables v; are defined as Hybrid expressions of the form
VAR i;

e object level bound variables v; are defined as Hybrid (bound) meta-variables
(%2

e object level abstractions A v;. E' are defined as Hybrid expressions LAM v;. e;
and

e object level applications F; F, are defined as Hybrid expressions e; $$ e,.

A central aim of this paper is to show that Hybrid really does provide a good
representation of the A-calculus. One can view the summary above as infor-
mally specifying a function II from an object level A-calculus to Hybrid where
(for example) II (Av;. E) © LAM vj. (ITE). Thus our central theorem is a
proof that the function II, which we shall formally define, is representation-
ally adequate.

2.2 Abstraction and Application Notation

In this paper there are a variety of binding operations for variants of func-
tional abstractions, together with associated applications. This is potentially
confusing so we give a look-up table in Figure 1.

We use a standard logical framework to model Hybrid, and the meta-binder
is written as A. In fact in the Hybrid system, ABS is a Isabelle HOL datatype
constructor and A is a Isabelle HOL binder. However the details are not of
direct concern to this paper which only addresses meta-properties of Hybrid.

3 The Adequacy of de Bruijn Syntax for Lambda Syntax

In this section we prove in a very precise way that de Bruijn expressions
provide an adequate representation of the expressions of the A-calculus. Expe-
rienced readers may wonder why we are doing this; the result is folklore, and
known and used by all. There are two main reasons. Firstly, if one is really
strict about details, and does not hand-wave, then the result is surprisingly
tricky to prove. Secondly, and of much greater importance, we will employ
both the result itself, and also much of its proof given in the Appendix, in
establishing Hybrid adequacy.



Syntax Informal Description Defined on Page
abs(D) | object level de Briujn abstraction 5
D, $ D, | object level de Briujn application 5
Avi. B object level lambda abstraction 6
FEi E, object level lambda application 6
ABS ¢ Hybrid de Bruijn abstraction 12
LAM ;. c Hybrid lambda abstraction 16
c1 $% o Hybrid de Briujn application 12
Awv;.c | logical framework meta-abstraction 13
c1 Co logical framework meta-application 13

Fig. 1. Abstraction Notation

In Section 3.1 we set up our own syntax. In Section 3.2 we state that there
is a bijection between the expressions of the A-calculus and a certain subset
of the de Bruijn expressions; note that the proof appears in Appendix A. In
Section 3.3 we state and prove this preliminary adequacy result (later used to
show Hybrid adequacy).

3.1 de Bruin Syntar and Lambda Syntax

We assume familiarity with de Bruijn expressions but summarise our own
notation. We inductively define a set of de Bruijn expressions. The set of
expressions is denoted by DB, with expressions generated by

D ::= con(v) | var(i) | bnd(j) | abs(D) | D; $ Dy

where ¢ and j range over the natural numbers N, and v over a set of names.
One should think of a de Bruijn expression as a finite rooted syntax tree. The
leaf nodes are labelled either by constants con(v); by var(i) which corresponds
to a free variable in the A-calculus; or by bnd(j) which corresponds to a bound
variable in the A-calculus. We shall employ informal notation for occurrences
of subtrees. For example we may write var(i) € D or possibly even i € D. We
call the j in expressions bnd(j) bound indices. We call the i in expressions
var(i) free indices. Given a de Bruijn expression D, a bound index j which
occurs in D is said to be dangling if j or less abs nodes occur on the path
between the index j and the root of D. Otherwize it is not dangling. D is said



to be at level I, where [ > 0, if enclosing® D inside [ nodes, each labelled
with abs, ensures that the resulting expression has no dangling indices We
can define a predicate leveln: DB — B for each n € N where B ¥ {T, F}
such that the Boolean level [ D is true just in case D is of level [, by setting

level [ con(v) =
level [ var(i) =
level I bnd(5) :l
level | (D1 $ Ds) = (Ievel I Dy) A (level I Dy)
level [ abs(D) =level (I + 1) D

It is (informally) clear that for any D, a (unique) minimum level m exists, and
that D is at level [ for any [ > m. There is of course a function minl: DB — N,
but we only use it indirectly and leave its definition as a simple exercise.

Let DB(l) be the set of de Bruijn expressions at level /. We make use of a

predicate proper : DB — B which is by definition level 0. Let PDB ¥ DB(0)
be the set of proper de Bruijn expressions. A proper expression is one that
has no dangling indices (this follows from the formal definition) and (thus)
corresponds to a A-calculus expression. We assume readers are informally fa-
miliar with the correspondence—however, we shortly describe it in detail. It
follows from the discussion above that

PDB =DB(0) Cc DB(1) C...C DB(l) C

and it is easy to see that DB = (J;.,, DB(l) by considering minimum levels.

We set up a notation for the traditional A-calculus. The expressions will consist
of constants, variables, applications and abstractions. More precisely, we have
a countable set of variables, with a typical variable denoted by vy where k& >
0, that is £ € N. The expressions are inductively defined by the grammar
E:=v|uv | Av.E | E E. We adopt the usual notions of free and bound
variables, and a-equivalence. For completeness we outline our notation. If vy
occurs in F then we write vy € E; we omit the usual definition of occurs in.
We write fu(FE) for the set of free variables occuring in F. In abstractions of
the form A vy. E, we refer to the occurrence of v, immediately after the binder
A as a binding occurrence, and the free occurrences of vy in E are bound in
Avg. E. We sometimes call E the scope of the abstraction, and in general any
variable v occurring in any E’ is bound if it occurs in a sub-expression either
as a binding occurrence, or within the scope of a binder. Given expressions
E and E', and a variable vy, then we write E[E'/v;] for a unique' expression

1" D enclosed by two such nodes is abs(abs(D)).



which, informally, is E with free occurrences of v, replaced by E’, with re-
naming to avoid capture. Our definition appears on page 32, and it ensures
that the action (E, E',v;) — E[E'/vy] really is a function’. We say that v,
is fresh for E if the variable has no occurrences in the expression. Having
defined substitution, we can then define a-equivalence. We write LE for the
set of A-calculus expressions. If expressions E and E' are a-equivalent, we
write ' ~, E'. In this paper, a-equivalence is an inductively defined subset
of LE x LE generated by formal axioms and rules. There is a single axiom of
the form Awvg. E ~q Avg. E[vg Jug] where k # k' and vy is any variable for
which vy & fu(E); structural congruence rules for application and abstraction;
plus the usual rules for equivalence relations. In order to define a-equivalence,
we must already have defined substitution for A-calculus. This is treated in
great detail in the Appendix, beginning page 31. We write [E], for the alpha
equivalence class of E and LE/~, for the set of alpha equivalence classes of
A-calculus expressions.

3.2 A Bijection between de Bruijn Ezrpressions and Lambda Ezpressions

Later on in Section 3, we shall make use of the following theorem.

Theorem 3.1 There is a bijection between the set LE/~, of alpha equiv-
alence classes of A-calculus expressions, and the set PDB of proper de Bruijn
expressions,

0: LE/~o = PDB: ¢

The proof of this result is relegated to Appendix A. However, since in Section 4
we are going to make use of some of the notation and definitions which are
used within the proof, we state these here and now.

A list L is one whose elements (if any) are object level variables v,. We write
¢ for the empty list, and write v, L and L, L' for cons and concatenation.
Thus a typical non-empty list is v1g, v79, V70, Vg, V2, Vg, V19- If a list L is non-
empty, the head has position 0, and the last element position |L| — 1 where
|L| is the length of the list. Thus vz occurs at positions 1 and 2 in the recent
example. If L is non-empty and v, occurs in it, we write vy € L. Suppose also
that the first occurrence is at position p. Then we write posvy, L for p. If v, & L
then poswvy L is undefined. We write el p L for the variable v, at position p if
such exists; otherwise el p L is undefined. We say that L is ordered if L is a
list, has no repeated elements, and the indices occur in decreasing order. Thus
a typical non-empty ordered list is vy, V7, Vg, U2, vo. If S is a set of variables,
we will use informal notation such as SN L to mean the intersection of S and
the set of variables in L.



In order to prove the theorem, we will establish the existence of a certain
family of pairs of functions

[-1.: £€ = DB(|L]): (=),

satisfying § o ¢ = [—]_and ¢ = g o (—|), with ¢ the quotient function for
a-equivalence. We will make use of these functions here and also in Section 4,
so we assert, their existence, but leave the proofs for later on.

Proposition 3.2 For any L, there is a function [—], : LE — DB(|L|) given
recursively by the clauses below; in particular, [-]_: LE — PDB.

o [V], o con(v)

On variables we define

bnd(posw; L) if v; € L

[vil, =
var(i) if v; ¢ L

def

[E1 Eb], I[El]]L $ [Ex],,
o [\v.E], ¥a bs([E],, 1)

Proposition 3.3 For any ordered L, there is a function (—|), : DB(|L|) —
LE given recursively by the clauses below; in particular, (—|), : PDB — LE.

e (con(v)), = def ),

o (var(i)), € v,

o (bnd(j)), = el j

* (Di$Da), défq Di), (Ds),

. (]abs(D)I)L 2 XN varr. (D)yyy,,,r, where M 4 Max(D; L) with

Max(D; L) % Max {i | var(i) € D}U{j | head( ) =v;}
oif L e empty

We take Max @ ¢ 0. Informally Max(D; L) denotes the maximum of the free
indices which occur in D and the indices of L.

3.8 Adequacy of de Bruijn for the A\-calculus

Before proving an adequacy result for Hybrid, we prove that de Bruijn ex-
pressions give rise to an adequate representation of the A-calculus; this is



Theorem 3.8. Before stating and proving our result formally, we give some
lemmas and propositions. We begin by showing in Lemma 3.4 that our notion
of substitution for de Bruijn expressions (cite??) is well-defined. We then prove
Lemma 3.5 and Lemma 3.6 which will be used to prove Proposition 3.7 which
shows that the functions [—], commute with substitution. We can then prove
Theorem 3.8.

Lemma 3.4 For any m > m’ > 0 and k£ > 0 there is a function DB(m) x
DB(m') xN — DB(m) given by (D, D', k) — D[D'/var(k)], which, informally,
maps (D, D', k) to the expression D in which all occurrences of var(k) are
replaced by D'.

Proof The substitution function can be defined recursively in the expected
way. Note that there is of course no notion of variable renaming—thus the
definition is straightforward and omitted. One does need to prove that the
function has the stated source and target but we omit the easy proof. O

Lemma 3.5 Forany E € L&, list L and variable vy, if either vy & fu(E) or
v, € L, then var(k) & [E];.

Proof The proofis by a simple induction over £ € LE. O

Lemma 3.6 Let £ € L&, let L and L' be any lists, and v; a variable.
Further, suppose that for any v, € fv(FE), either vy € L' or vy & v;, L. Then

[[E]]L’,vi,L = |[E]IL',L-
Proof The proofis by a simple induction over £ € LE. O

Proposition 3.7 For any expressions E, E' € L&, list L, and variable vy,
if vy ¢ L and fu(E') N L = &, then

[ELE /vell, = [EDL[E T fvar(R)] (%)

Proof The substitution functions exist by appeal to Lemma 3.4 and the
Appendix. The proof proceeds by induction over the size of the expression F—
we adopt the size notation from the proof of Lemma A.12 on page 39. Write
size(E) for the size of E and ®(F) for (x) in which E’, L, and k are universally
quantified and satisfy the given constraints. Write ¥(n) for (VE)(size(E) =
n = ®(F)) and we prove Vn.¥(n) by strong induction on n. We write LHS
and RHS for the appropriate instance of (*) in the inductive steps below.

U(1) |If F is a constant the result is immediate. Else choose E to be v;, of

size 1, and prove ®(v;).



(Case i = k):

LHS = [E'], = var() [[E'], /var(k)] = [oi],[[E'], /var(k)] = RHS

with the third equality following because v; = vy & L.
(Case i # k):
LHS =[], = [l [1E'], /var(k)] = RHS

where if v; € L the second equality is immediate; and if not, the equality
follows because 7 # k.

(Vn)[(Ym < n)(¥(m)) = ¥(n)] | where n > 2. Consider the case when the

expression is A v;. E and size(Av;. E) = n. We prove ®(Av;. E).
(Case i = k):

LHS = [Av;. E];, = abs([E],, ;) =
abs([E],, ([[E'], /var(k)]) = abs([E],, ,)[[E]./var(k)] = RHS

where the third equality follows from Lemma 3.5 since v, = v; € v;, L and so
var(k) = var(i) ¢ [E],, .-

(Case i # k): We examine sub-cases according to whether the substitution
involves a name clash or not.

(Subcase vy & fo(Av;. E) or v; & fu(E'")): If v, & fo(Av;. E) we have

LHS = [Av;. E];, = abs([E],, ;) =
abs([E],, ([[E'], /var(k)]) = abs([E],, ,)[[E]./var(k)] = RHS

where the third equality follows from Lemma 3.5 because vy & fo(Av;. E) and
i # k imply v & fo(E).

If v; & fu(E')

LHS = [\v;. E[E' Jui]],, (1)
=abs([E[E"/v]],, 1) (2)
=abs([E],, . [[E],, r/var(k)]) (3)
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=abs([E],, [[E],/var(k)]) (4)
= RHS (5)

where equality (3) follows by induction as size(E) = n—1 and so ®(E) holds,
and vy & v;, L and fo(E') N (v;, L) = &5 and equality (4) follows from an
instance of Lemma 3.6 in which L' = € and again fu(E') N (v;, L) = @.

(Subcase v € fu(Av;. E) and v; € fu(E")):

LHS = [Avy. E[vy /vi][E'/vil],,
=abs([E[vy/vi][E"[vi]l,,, 1)
= abs([E[vw/vill,, L[[E'],, 1/var(k)])

=abs([E],, ,[[E'],/var(k)])
= RHS (

~N O

=~~~
© oo
— — N

where equality (8) follows by induction since

size(Elvy /v;]) = size(E) =n—1

and further w is the maximum of the indices in E, E’ and v, plus 1; and
equality (9) follows by appeal to Lemma A.12 and Lemma 3.6. The details for
applications are easy and omitted. O

Theorem 3.8 [Representational Adequacy] The function
0: LE/~, — PDB C DB

is representationally adequate in the sense that

Bijective it is bijective; and
Commutes with Substitution which means that

O([E]a[[E]a/vr]) = O([Ela) [O([E"]a) /var (k)]
Proof

Bijective is immediate from Theorem 3.1.
Commutes with Substitution is immediate from Proposition 3.7 and the
definition of 6 on page 42.

11



v :con
1 var
J o bnd
CON :: con = exp
VAR :: var = exp
BND :: bnd = exp
$$ :: exp = exp = exp
ABS :: exp = exp

Fig. 2. Constructor Constants

4 An Adequacy Result for Hybrid

4.1 A Model of Hybrid

The specific goal of this section is to describe a mathematical model of Hybrid
and then show that the model provides an adequate representation of the \-
calculus. Our informal motivation is to provide a mathematical underpinning
for Hybrid which renders clearly its key principles as mathematical theorems.
Thus we hope that this paper will be of special benefit to those who might
wish to use Hybrid. Please recall the informal description of II at the end of
Section 2.1. Our central result is the adequacy Theorem 4.3 which states that
there is a particular function II, : LE/~, — CLF(exp) which is bijective
(onto its image) and compositional on substitution, where CLF (exp) is our
model of Hybrid shortly to be defined.

It would very tedious to provide a “complete” proof of the adequacy of the fully
implemented Isabelle HOL Hybrid tool for A-calculus. We could work with a
formal system for higher order logic, but that would lead to long and complex
proofs. Here we take a simpler approach—we present Hybrid syntax as a theory
in a logical framework. For logical frameworks, see, for example [11,21] and
perhaps [1,12]. The meta-variables of the framework play the role of the actual
Isabelle HOL meta-variables of implemented Hybrid. The theory has ground
types con, var, bnd, and ezxp, ranged over by . The (higher) types are given
by o ::= 7 | 0 = 0. We declare constructor constants in Figure 2 where i and
j range over the natural numbers, and v over a set of names for (object level)
constants. We shall use x to range over the constructor constants of the theory.
The judgements are generated using the standard type assignment system of
such a logical framework. More precisely, suppose that I" is a context, that

12



L(og) =01 =>00=>...00,=7 Chancizo (0<i<n)

I'Fegn v €y

K:ii01=09=...0, =7 FFancizop (0<i<n)

['Fean kG y

.. o ol
Do ::obmciio

ABS

['begn Avp.c:0 =0’

Fig. 3. Inductive Definition of Canonical Forms

is, finite partial function from the set of framework meta-variables to types.
Then the type assignment system has judgements of the form I' e :: 0. We

omit the (usual) inductive definition. We define LF,(I) & {e | T F e :: o}

and LF & Uor LF(T'). We give the inductive definition of canonical forms c
in Figure 3. They are introduced using the judgements I' -, ¢ :: 0. We write
CLF,(T) ¥ {c| T Fean ¢ :: o). Given a list of meta-variables L = vy, . . ., vy,
then we write T'L_ for the context (partial function) vy, :: exp, ..., vg, :: exp.

exp m

Note that it is standard to prove that CLF,(I') C LF,(T).

To formally state the adequacy theorem we need an auxiliary function Ibnd,
whose existence is stated in the following proposition. We prove the proposi-
tion, and a lemma that the function respects a simple form of a-equivalence,
before stating the theorem. After the theorem, we will have sufficient notation
set up to give an informal explanation of Ibnd; however, readers may care to
skip ahead to Theorem 4.3 and explanatory Remark 4.4 before returning here.

Proposition 4.1 For all n > 0 and lists L there is a function with the
following source and target

Ibnd n : Cﬁfezpim;p(FL ) — C»Cfea:p(PL )

exp exp

with a recursive definition as follows

Ibnd n (A v,. CON v) & CON v
lbnd n (A vg. v) % BND n
Ibnd n (A vg. vy) def vy where k # k'

(
(
(
Ibnd n (A vg. VAR i) & VAR i
(
(
(

Ibnd n (A v. BND j) % BND j

o Ibnd 7 (Avg.ci $$ co) & (Ibnd 1 (A wve.c1)) $$ (Ibnd n (A vg. c2))
e Ibnd 7 (A vg. ABS ¢) % ABS (Ibnd (n + 1) (A vg.c))

13



Proof The proof is subtle, and we appeal to strong induction on heights of
derivations. Let

(T Fogn ¢ 2 0) & (V0 > 0)(VL)

C=TL No=exp=erp=lbndnce Cﬁpr(récp))

exp

and

W(h) ) (VI Fegn c:0)(hgt(T Fen c 2 0) = h = O([' Frgp ¢ 22 0))

We prove Yh € N.¥(h) by strong induction.

W(0) | The only possible derivations of height 0 come from VAR and CST.

These cases are vacuous, as no ground type -y is the higher type exp = ezp.

(Vh)[(VR' < h)(¥(h')) = ¥(h)] | Pick arbitrary h > 1 and derivation with

hgt(T' Feap € 2 0) = h. We have to prove ®([ b, ¢ :: ). If the final rule in
the derivation comes from VAR or CST, we are done as no ground type 7 is
the higher type exp = exp.

Hence the final rule is ABS. So suppose that in fact I'L_ vy 12 exp Fean € :2 ezp

exp)

where ¢ = A vy. c. We need to show that Ibnd n (Avg. ¢) € CLF e0p(T'L,,).

We must now consider all the possible ways this judgement could have been
derived. It cannot have been derived using ABS, as ezp is not a higher type.

If it was derived using VAR, then for some list ¢ of canonical forms we must
have ¢ = vy ¢’. But (Fﬁzp, vk 11 exp)vy = erp, a ground type, and so the list

must be empty and ¢ = vj. Then lbnd n (Avy. ¢) € CLF ¢rp(T'L,) is trivial by
appeal to the definition.

If it was derived using CST, then for some list ¢ of canonical forms we must
have ¢ = k. But ¢ has type ezp, and so k can only be CON, VAR, BND,
$$ or ABS. We give the remaining details for ABS only; the other cases are
similar. So, for some ¢ we have Fﬁmp,vk i exp Fegn ABSCE i exp and so

Fézp, Vg 12 erp Fen ¢ i exp. But this has a derivation height

hgt(TL Fin Avg.c:exp = exp) —2 =h — 2

exp

and so

hgt(Fﬁzp Fean Avg. ¢ i exp = exp) = h —1

14



Thus we can apply the (strong) induction hypothesis

O(TL oun Avg.c 2 exp = exp)

exp

to deduce that Ibnd (n+ 1) (Avg. ') € CLF ¢ (T'L, ). But then

exp

Ibnd 7 (A vg. ABS /) = ABS (lbnd (n+ 1) (Avi. ) € CLF e0p(T'L,,)

as required. O

Lemma 4.2 Whenever ngp Fean Avg.c i exp = exp, we have

lbnd n (Avg.c) = lbnd n (A vy clvg /vk])

provided that v, does not occur free in c.

Proof Both the formal statement and stages of the proof are very similar
to those of Proposition 4.1. We give just a very few informal details.

Suppose that the final rule used in the derivation is ABS. Of course

ngp; Vg it TP Fegn € 1 €TP (%)

We must now consider all the possible ways this judgement could have been
derived. It cannot have been derived using ABS, as exp is not a higher type.

If (x) was derived using VAR, reasoning just as in Proposition 4.1 we get
¢ = v for some k". If k # k" we have

Ibnd n (A Vg Ukll) déf Vpnr = Ibnd n (A Vg! - Ukll) =lbnd n (A Vg . Vg [Uk’/vk])

where the assumption that vy is not free implies that &' # £”. In the case
k = k" both expressions equal BND n.

We omit all details in the case (x) was derived using CST; reason exactly as
in Proposition 4.1 and calculate from the definitions. O
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4.2 Adequacy of Hybrid for the \-calculus

Let us state our central theorem. Once we have done this we give a short
explanation of the Ibnd function.

Theorem 4.3 [Representational Adequacy| There is a well-defined function

T, : LE/mg — TL, (LE/~a) C CLF caple)

arising from the family of well-defined functions

My 0 LE)~g — CLF op(TL

exp )

given recursively by

o 11, ([v]a) & CON v
v; ifv; € L

. I ([vila) € {
VARG ifv; & L

o 1, (B Bola) € (I [Erla) $8 (I1, [Esla)
o II; ((\vi. Elo) & LAMv;. I1,, 1 ([E]a) where we write LAM v;. £ as an abbre-
viation for ABS (Ibnd 0 (A v;. €)).

II, is representationally adequate in the sense that

Bijective it is bijective (onto its image); and
Commutes with Substitution which means that

def
e ([B[E'/vp]la) = Te ([Ela[[E')a/ve]) = Te ((E']a) e ([E]a) /VAR K]
We give some motivation for the definition of |bnd n in the following remark.

Remark 4.4 We give an informal explanation of the function |Ibnd n. Re-
call the expression Fg def Avg. Avg. vg v3 from page 3, encoded in Hybrid as
Ey = LAMuvg. (LAMvs. (vs $$ VAR 3)). Now read over the statement of Theo-
rem 4.3 and then compute Il [E ], which is the formal definition of the Hybrid
encoding of Ep. The answer should be the expression Ey (below) where the
abbreviations above have been fully expanded. The function II, works recur-
sively. A-binder nodes are replaced by instances of LAM (recall that LAM v;. &
as an abbreviation for ABS (lbnd 0 (A v;.&))). Application nodes are replaced
by $$. II; recursively collects the names of the \-binders in L, and when it
reaches leaf node variables it checks to see if the leaf is in scope of a binder
or not. If it is (eg vg), the leaf remains un-changed; if not, (eg v3) the leaf v;
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becomes VAR ¢. Thus Ey is

ABS (Ibnd 0 A vs. (ABS (Ibnd 0 A vs. (vs $$ VAR 3))))

Now use the definition of lbnd to verify that Ey is equal to the de Bruijn
expression ABS (ABS (BND 1 $$ VAR 3)). Informally, each instance of the Ibnd
function descends recursively through its argument via higher-order matching
of the meta-abstractions. At each node, a meta-abstraction is “moved” towards
the leaf nodes; and when descending over ABS nodes, a counter is increased.
All leaf nodes are left un-changed, unless they are variables. If the name of the
meta-abstraction (eg A vy.) which has been “moved” to the leaf (eg vg) has a
different name (eg A vy.vg from the inner lbnd above), the leaf node remains
un-changed (eg vg). If it has the same name (eg A vg.vg from the outer Ibnd
above, once the inner has been computed), the node becomes BND n where n
is the counter—thus the original bound name becomes the correct de Bruijn
bound index (eg vg becomes BND 1). End of remark.

We will prove the theorem later on. For now, we give an outline of the structure
of the proof. Consider the diagram

0
LE [~ ; DB(|L)
L
I, inst 0 L
I, (LE/~s) CLF cap(TLy)

The proof strategy for Theorem 4.3 for is as follows. The functions 6, and
¢r, are defined in Proposition 4.10 but are “essentially” [—], and (—);. In
Lemma 4.5 we show that there is a function, inst, which maps de Bruijn
expressions to canonical forms. In Lemma 4.6 we show the existence of a
function from canonical forms to de Bruijn expressions, which is shown to be
a left inverse for the inst function in Proposition 4.7. Two further technical
lemmas 4.8 and 4.9 yield Proposition 4.10, where we prove that the specified
action of II;, is equal to the action of the composition (inst 0 L) o 8, of two
well defined functions, showing that Il exists as a function. We also prove
Proposition 4.13 which shows that inst commutes with substitution. These
facts for inst together with Theorem 3.8 allow us to prove Hybrid adequacy.
Note that lemmas 4.11 and 4.12 are used to prove Proposition 4.13.

Lemma 4.5 For each n > 0 and list L, the clauses given below yield a
well-defined function with the following source and target

inst n L : DB — CLE e (T'L,)

17



e inst n L con(v) & CON v

o inst n L var(i) % VAR i

el(j—n)L ifn<jand j—n<|L

o inst n L bnd(j) & ] ¢V 7" =7 u
BND ; otherwise, that isn > j or j —n > |L|

o instn L (D; $ Dy) % (instn L Dy) $$ (inst n L D,)

inst n L abs(D) % ABS (inst (n+ 1) L D)

Proof First, note that el (j — n) L is defined since 0 < j —n < |L|. Now
recall Figure 3. We prove, by induction on D, that for any n > 0 and any list
L

?

L bpaninstn L D :: exp

exp

con(v) |It is clear that T+, CON v :: ezp. The rule CST is used twice.

exp

var(i) |It is clear that '+, VAR i :: exp. The rule CST is used twice.

exp

bnd(j) |Either it is clear from VAR that I'Z .., el (j —n) L :: exp or we

exp

reason for BND j as in the case of var(i).

abs(D) | By induction we have I'},, o inst (n 4 1) L D :: exp. The result
is immediate from CST with x instantiated with ABS.

D; $ D, | The easy details are omitted. O

Lemma 4.6 For all n > 0 and list L, the clauses given below give a well
defined function with the following source and target

inst™' n L: CLF o0y (TL, ) — DB

exp

e inst ! n L v; % bnd((posv; L) + n)

e inst 1 n L (CON v) ¥ con(v)

VAR i) & var(i)

BND ;) % bnd(j)

c1$$ ) ¥ (inst 1 n L (c1)) $ (inst 1 n L (cz))
ABS ¢) % abs(inst! (n + 1) L ¢)

e instlnlL
e instlnlL
e instinlL
e instinlL

N S/

Proof Informally, the existence of the function is obvious, as the clauses
specifying the function cover all possible canonical forms. However, the details
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do require a little care.
The proof is by induction on derivations. More precisely, we prove

(VI Fegn ¢ 0) (V0 > 0)(VL)(T =T% Ao = erp => inst ' n L c € DB)

exp

VAR |Choose any n and L. From the assumptions we have Fézp Fean € i €xp

and so for some list ¢’ of canonical forms we must have ¢ = v;, ¢’. But we must

have I';,(vx) = exp, a ground type, and so the list must be empty and ¢ = v;

moreover vy € L. Hence inst™ n L vy, is defined and is (trivially) in DB.

CST |If 'L k.. c 2 exp was derived using CST, then for some list d

ezp

of canonical forms we must have ¢ = k¢’. But ¢ has type ezp, and so « can

only be CON, VAR, BND, $$ or ABS. We examine the details only for VAR.
Certainly ¢ = VAR ¢ can only be VAR ¢. Now, I'l ... ¢ :: var cannot be

exp

deduced from ABS. The other possibilities are conclusions to the rules VAR
and CST.

F’;;zp Fean € i var cannot be deduced from VAR, since if so, for some list ¢’

of canonical forms we must have ¢ = v, ¢. But we must have I'}, (vx) = eap,

a ground type, and so the list must be empty and further exp = wvar, a
contradiction.
/] —

ngp Fean € i war cannot be deduced from CST, since ¢ = k¢ for a con-

structor k. The only possibility is that 7" is of length 0 and & is some 7, that
is ¢ = 1. Hence inst™! n L (VAR 7) is defined and is (trivially) in DB.

ABS | The easy details are omitted—just note that the assumption o = exp

is always false, as o is forced to be a higher type. O
Proposition 4.7 Given any D € DB, n > 0 and ordered list L, we have

inst ' n L (instn L D) =D

In particular, each function

inst n L : DB — CLE e (T',)

is injective, with left sided inverse inst™! n L.

Proof The existence of the functions follows from Lemmas 4.5 and 4.6. The
equalities are proved by induction over de Bruijn expressions.
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con(v) |inst™ n L (inst n L con(v)) = inst™* n L (CON v) = con(v).

var(i) |inst ' n L (inst n L var(i)) = inst ! n L (VAR i) = var(1).

bnd(j) | The first possibility is that

inst™' n L (instn L j)=inst™'nL(el(j—n)L)=
bnd((pos (el (j — n) L) L) + n) = bnd(y)

Note that this depends crucially on the fact that L is ordered.

For the second, we have inst™* n L (inst n L j) = inst™! n L (BND j) = bnd(5).

abs(D)

inst™* n L (inst n L abs(D)) = inst™* n L (ABS (inst (n+ 1) L D))
= abs(inst™ (n+ 1) L (inst (n + 1) L D))
= abs(D)

where the final equality follows by induction. The details for applications are
straightforward and omitted. O

Lemma 4.8 Given any D € DB, list L, n > 0, and metavariable v fresh
for L, we have

lbnd n (A vg.inst n (vg, L) D) =inst (n+1) L D

Proof We prove this by induction on D. The argument for constants con(v)
is similar to that for the inductive case of free indices:

var(7)

lbnd n (A vg.inst n (vg, L) var(z))
= Ibnd n (A vg. VAR 9)
= VAR
= inst (n+ 1) L var(i)
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The equations follow from routine calculations.

bnd(j) | Suppose that n < j and j —n < |vg, L|. We consider separately the

casesof j —n=0and j—n>1.1If j —n =0 then

Ibnd n (A vg. inst n (vg, L) bnd(5))
= Ibnd n (A vg. el (j — n) (vg, L))
= Ibnd n (A vg- vg)
= BND n=BND j
= inst (n+ 1) L bnd(j)

where the final equality follows since n +1>n=j.If j —n > 1 then

lbnd n (A v. inst n (v, L) bnd(5))
= lbnd n (A vg. (el (j —n) (vg, L)))
= lbnd n A (vg. vgr) where k # k' by freshness
= Uy
=el(j—(n+1)L
=inst (n + 1) L bnd(j)

where the final equality follows since n +1 < jand j — (n+1) < |L|.

Now suppose that either n > j or j —n > |vg, L|.

Ibnd n (A vg. inst n (vg, L) bnd(5))
= lbnd n (A vx. BND j)
— BND j
— inst (n + 1) L bnd(j)

where the final equality follows since either n+1 > jor j — (n+1) > |L|.
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abs(D)

Ibnd n (A vg. inst n (vg, L) abs(D))
= lbnd n (A vg. ABS (inst (n + 1) (vg, L) D))
= ABS (Ibnd (n + 1) (Avg.inst (n+ 1) (vg, L) D))
= ABS (inst (n +2) L D)
= inst (n+ 1) L abs(D)

The first, second and fourth equalities are true by definition. The third is by
induction.

D $ Dy | The details are omitted, and are similar to the previous cases.

|

Lemma 4.9 For all E € £, and all n > 0, lists L, L' such that n = |L'|,
and variables v;, v, we have

(inst n (v;, L) IIE]ILI’W’L)['U]C/W] =instn (v, L) |[E]]L',w,L

Proof The proof is by induction over E € LE. The details for constants
and applications are easy and omitted.

Va

Case vy & L', v;, L): [va],,. ; = var(a) and so
L' w;,L

(inst n (vi, L) [valps o, 1) [vr/vi] = (inst n (v;, L) var(a))[vg/vi
= (VAR a)[vg/v;]
— (VAR )

= inst n (vg, L) var(a)

(Case vo € L'): [valyy ,, 1, = bnd(j) where j = posv, (L', v;, L) < [L'| = n

(inst n (vi, L) [valps ,, 1) lve/vi] = (inst n (vi, L) bnd(5))[vk/vi]
— BND j
= inst n (v, L) bnd(5)
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(Case vy ¢ L' and a =1): [va]y ,, ;, = bnd(posv, (L', vi, L)) = bnd(n)

(inst n (vi, L) [val s o, 1) [0k /vi] = (inst n (v, L) bnd(n))[ve/vi]
= Uz'[Uk/’l)i]

= inst n (v, L) bnd(n)

(Case v & L', v; and vo € L): [valyy,, , = bnd(j) where

j =posv, (L' v;, L) > n

and so 0 < j —n = posv, (v;, L) < |v;, L|

(inst n (vi, L) [val s, p)[vk/vi] = (inst n (v, L) bnd(5))[vk/vi]
= (el (7 = n) (vi, L)) [ve/vi]
= Vo[V /Vi]
— el (j—n) (v, 1)
= inst n (vg, L) bnd(j)

Avy. E | We have

(inst n (vi, L) [Ava- Elp,, p)ve/vil
— (inst n (v L) abs([EL,, ;.. ;))[oe/v]
= ABS (inst (n+1) (v, L) [E],,_,1,..)
= ABS ((inst (n +1) (1. L) [E],, 1, )/
= (inst n (v L) abs([EL,, 11, ;))[oe/v]
= inst n (vg, L) [Ava- Elp 1

with the third equality following by induction.
Proposition 4.10 For any [E], € LE/~, and list L we have

HL [E]a =inst 0 L (GL([E]Q))
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where the action of 1I; is specified in the statement of Theorem 4.3, ¢y, def

go(—); where g is the a-equivalence quotient function, and for any E we set
0r([F]a) of [E]; well defined by Proposition A.13.

Hence the action specifies a well defined function II;, as it is the composition
action of two other well defined functions; the source and target of II; are
given below.

Further, there is a function ¥; whose action is equal to that of inst 0 L and
such that it furnishes a factorisation through the inclusion given below

22
LE[~a = DB(|L]) DB(|L])
oL
HL EL inst 0 L
I (L&) ~e) === (LE/~0a) ———— CLF ey (I'czy)
P

and moreover if L is ordered then X is injective.

Proof Note that the function inst 0 L is defined on DB and hence on any
subset!

We prove by induction on E € LE,

(VE)(VL)(inst 0 L (6.([Ela)) = 1L ([Ela))

v |inst 0 L (6,([v]a)) & CON v € 11, ([1]a).

v; | When v; € L we have

inst 0 L (01,([vi]a)) = inst 0 L bnd(posw; L) =
el (posv; L) L = v; ¥ I, ([v;]a)

where the second equality follows since 0 < poswv; L < |L| and the other simple
case is left to the reader.

E, E5 | A simple exercise.
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Av;. E | We choose v, to be fresh for L, E and v;. Then

inst 0 L (Or([Av;. Ela))
(Def 6 and A.13) = inst 0 L (91([Avk. Elvg/vi]la))
el inst 0 L (abs([E[vk/vi]l,, 1))
def ABS (inst 1 L IIE['Uk/U’L]]]v L)

(4.8 where v, & L) = ABS (Ibnd 0 (A vg.inst 0 (vg, L) [Efvk/vill,, 1))
(A.12 where vg & fu(E)) = ABS (Ibnd 0 (A v.inst O (vg, L) [E],, 1))
(4.9) =
(4.2) = ABS

= ABS (Ibnd 0 (A v;.inst 0 (v;, L) 0y, 1.([Ela)))
= ABS (Ibnd 0 (Av;. T, 1, [E]a))
C 1L (A vi. Ela)

(i
(
( (

ABS (Ibnd 0 (A .. (inst 0 (v, L) [EL,, ;)[ve/vi))
(Ibnd 0 (Av;.inst 0 (v;, L) [E,, ,))

( (

( (

In appealing to Lemma 4.2 we must ensure that vy & inst 0 (v;, L) [E],, .

In fact it is easy to see that for any D, L and m, the variables occuring in
inst m L D must come from L. Thus the condition holds as vy, is fresh for v;, L.
The penultimate equality is by induction.

It follows that we can define ¥; by taking its action to be that of inst 0 L.
Given D € DB(|L|) we have D = 6;(¢1(D)) by Proposition A.1 and so

%1 (D) Yinst 0 L D = inst 0 L (6,(¢1(D))) = Ty, (¢1.(D)) € Ty, (LE/~a)

and hence by Proposition 4.7 we deduce Y;, is injective in the case that L is
ordered.

|

Before stating the adequacy theorem, we must define a substitution function
for Hybrid.

Lemma 4.11 There is a function

CLF cip(TL ) X CLF ¢p(TL ) X N = CLF op (T )

exp exp exp

denoted by (c,c, k) — c[c'/VAR k], which, informally, maps (¢, ¢, k) to the
expression ¢ in which all occurrences of VAR k are replaced by .
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Proof The definition of the function, and the proof, are omitted. Note that

the set CLF ¢yp (ngp) does not involve expressions which bind variables, and

so the definition of the function is entirely straightforward. O

Lemma 4.12 For all n > 0, ordered L, and D € DB(|L|), if n > m where
m is the minimum level of D, then

inst(n+1)LD=instn L D

Proof This is a routine induction over D. In the case that D is bnd(j), note
that inst returns BND j as the minimum level m of bnd(j) is j + 1, and thus
both n and n + 1 are strictly greater than j. O

Proposition 4.13 For any D, D' € DB, n,k > 0, and ordered L, if n > m
where m is the minimum level of D', then

inst n L (D[D'/var(k)]) = (inst n L D)[inst n L D'/VAR K]

Proof The proof is by induction on D. All of the cases are easy, except for
abstractions abs(D) which require Lemma 4.12. We have

inst n L (abs(D)[D’/var(k)])
= ABS (inst (n+ 1) L (D[D'/var(k)]))
= ABS ((inst (n +1) L D)[inst (n + 1) L D'/VAR k])
= (inst n L abs(D))[inst (n + 1) L D'/VAR k]

The second equality is by induction, as n4+1 > n > m where m is the minimum
level of D'. The third follows from simple applications of the definitions, and
we are done by appeal to Lemma 4.12 applied to D'. O

We can now prove Theorem 4.3.
Proof

Bijective We only need to show that II. is injective. From Proposition 4.10
we know that II, =3, o 6. But 0 = 6, is injective by Theorem 3.8 and ¥,
is injective by Proposition 4.10 (noting that € is ordered by definition).

Commutes with Substitution We calculate

e ([Ela[[E"a/ve]) =inst 0 € [BIE"/ve]],
—inst 0 ¢ ([E],[[£'],/var(k))
= (inst 0 € [E],)[inst 0 € [E"]./VAR k]
= (I, [E])[IL, [E'],/VAR K]
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Equation 11 follows from Proposition 4.10. Equation 12 follows from Theo-
rem 3.8. Equation 13 follows from Proposition 4.13—mnote that the value of
n in the lemma is 0 and so n > m where m = 0 is the minimum level of
[E']. € DB(0). Equation 14 follows from Proposition 4.10. O

5 Conclusions, Further and Related Work

We have sometimes found that it can take time to explain how Hybrid works,
and moreover how it is applied in practice, when dealing only with the actual
Isabelle HOL implementation. One reason for this is the not inconsiderable
number of forms of abstraction and quantification that one has to deal with.
Thus we hope that apart from presenting an interesting key result and proof
in its own right, this paper is seen to present a clean description of Hybrid
which will be useful to potential users. When dealing with the implementation,
it is not so easy to see transparently how the pure A-calculus resides in the
system—here, it is encoded very directly!

A topic for future work concerns adequacy results for object level logics [2].
For this to be of use, the encoding must of course be adequate. We believe
that we can regard the results of this paper as a form of generic adequacy for
object logics. Roughly speaking, in order to prove that an object level encod-
ing into Hybrid is adequate, we can factor the encoding through £E/~,. The
encoding into LE/~, is proved adequate in the usual way [21]; and the Hy-
brid encoding must then be adequate by post-composition with the adequacy
function presented in this paper.

We also want to look in greater detail at how Hybrid represents certain object
level expressions. For example, in Hybrid there is a predicate abstr which
detects if an expression is equal up to n-equality to an expression LAM v;. e v;.
Thus, from the perspective of the current paper, we will look at representation
results such as

Theorem 5.1  Suppose that abstr e holds. Then there exists [Av;. E], €
LE[~q such that II, ([Av;. E],) = e.

Our work could not have come about without the contributions of others. We
briefly review other ways of dealing with variable binding.

e For origins of de Bruijn syntax see [5].

e Some authors have presented concrete name-carrying syntax: abstractions
are pairs “(name, expression)” and the mechanization works directly on
first-order parse trees, which are quotiented by a-conversion [18,26]. While
recursion/induction is well-supported, the amount of detail that needs to
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be taken care of on a case-by-case basis tends to be overwhelming.

e In [9,23] Gabbay and Pitts have introduced a novel approach, based on the
remarkable observation that a first-order theory of a-conversion and binding
is better founded on the notion of name swapping rather than renaming.
For recent related work, see [24,25].

e Abstractions as functions from names to expressions: mentioned in [4] (and
developed in [10]) it was first proposed in [6], as a way to have binders as
functions on inductive data-types, while coping with the issue of ezxotic ex-
pressions stemming from an inductive characterization of the set of names.
See also Honsell et al.’s framework [13], which explicitly embraces an az-
iomatic approach to meta-reasoning with HOAS.

e Abstractions as functions from expressions to expressions are presented
in [22,11]. Related work, where the emphasis is on trying to allow (primitive)
recursive definitions on functions of higher type while preserving adequacy
of representations, has been realized for the simply-typed case in [8] and
more recently for the dependently-typed case in [7].

A A Bijection Between A-calculus and Proper de Bruijn

We give a (pencil and paper) sketch proof of the often quoted but seldom
proved theorem given below. There are a number of reasons why we have
chosen to give a very careful proof in this paper:

e Readers can become familiar with notation which is employed in the proof
of adequacy for Hybrid.

e The proofs are delicate, requiring care to ensure their correctness. This
section provides a full and sound basis for our proof of adequacy.

e Our proof of the bijection takes great care over the notion of a-equivalence;
in particular, we construct the bijection by beginning with functions defined
on genuine A-calculus expressions, with no assumptions at all about variable
conventions concerning binding and bound variables.

In order to prove Theorem 3.1, we establish the existence of the family of pairs
of functions

[-1.: £€ = DB(|L]): (-],

whose definitions were given in Proposition 3.2 and Proposition 3.3 and whose
proofs follow below. In Propositions A.1 and A.10 we prove that each pair of
maps “almost” gives rise to an isomorphism (the intermediate lemmas are
used to prove A.10) . Making use of Lemma A.11 and Lemma A.12, we show
in Proposition A.13 that the function [—], is well-defined on £LE/~,. We then
prove Theorem 3.1.
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Proof of Proposition 3.2.
Proof One first proves by induction on F,

(VE € LE)(VL)([E], € DB)

(which is virtually immediate) so that uses of level type check, and then one
can prove

(VE € LE)(VL)(level |L|[ET,)-

We give details of the proof. Each inductive case is indicated using a ,

and within each case L is an arbitrary list.

v |level |L|[v]; =level |[L|v=T.

v; | If v; € L, which includes the case when L is empty,

level | L| [v;]; = level |L|var(i) = T

Ifv;, € L,

level | L| [v;]; = level |L| (posv; L) = (posv; L) < |L| =T

)\UZ'.E

level |L| [Av;. E];, = level |[L|abs([E],, ;) = level (|L| + 1) [E],. , =T

with the final equality holding by induction.

E, Ey | The easy details are omitted.

Proof of Proposition 3.3.
Proof
One proves by induction on D

(VD € DB)(Y ordered L)(level |L| D => (D), € LE)
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con(v) | Note that (con(v)); = v which is always in LE.

var(z) | Note that (var(¢))), = v; which is always in LE.

bnd(j) |If level |L| bnd(j) then 0 < j < |L| so that L # €. Hence (bnd(j)), =
el j L is defined and hence exists in LE.

abs(D) | Note that level |L|abs(D) = level (|L| + 1) D. Hence by induction,

for any ordered list L', (D)), € LE if |L'| = |L| + 1. If M = Max(D; L), then
Um+1, L is ordered. Hence (D)), . ;isin L€, and thus sois Avar1. (D)

vMm+1,L°

D $ D, | The easy details are omitted.

|

Note that the choice of M in A vy 1. (]DDUM+1; 1, ensures that vy, L is ordered,
so the recursive definition makes sense, and moreover the binding variable is
chosen so that when free indices var(i) in D are mapped recursively to A-
calculus variables v; which are in the scope of the binding variable vy 1, they
will not be (accidently) captured, as M + 1 > 4. Here is an example which
should be checked as an exercise.

(abs(abs(bnd(0)) $ abs(bnd(3)) $ var(8))) =

V7,V6

A V9. ()\ V10- ’Ul()) ()\ V10- U6) Vg

Proposition A.1 Let D € DB, and L be any ordered list such that for all
v € L if any, k£ > Max(D;¢€) + 1. Then

level |[L| D = [(D).], =D
Proof A straightforward induction over D € DB. Constants are trivial.

Note that the other two base cases make crucial use of the assumptions in the
proposition.

var(z) | We have [(var(i)), ], = [vi], = var(i) for all L, for if v; € L then
i > Max(var(i);e) + 1 =i + 1, a contradiction.

bnd(j) | We have

[(bnd(5)) ], = bnd(pos (el j L) L) = bnd(j)
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because (crucially) L is ordered. The details for the two inductive cases, ab-
straction and application, are easy and omitted. O

Recall that our next step is to prove Proposition A.10. The proof is not dif-
ficult, but it is very delicate, and we require some machinery to deal with
substitutions and the re-naming of variables to avoid capture. In particular,
in order to carry out many proofs, we need a definition of simultaneous sub-
stitution. Further, because the function [—], involves arbitrary lists L, we
require a definition which mirrors this.

Let L and L*¢ be lists of equal length, where L is a list of variables v as
usual, and L*¢ is a list of £LE expressions. Suppose that E' € L*¢ and v, € L
both occur at some position p. Then we shall call the expression and variable
mates, and say that one is the mate of the other. If v, € L, then we re-
fer to the first occurrence as active, written vxT. Any other occurrences are
referred to as inactive, written v;). We write E[L*¢ /L] for, informally, the
simultaneous capture avoiding substitution of each expression E' € L*¢ for
free occurrences in E of its mate in L. The definition of the simpler E[E’/vy]
is then immediate. Note that some free variables in £ may have multiple oc-
currences in L; if so, the expression in L*¢ which is the mate of the active
occurrence is the one that is substituted—see the formal definition below. For
example (v, v2)[Es, E5, Eg/v1,v9,v1| = Eg Es.

We want to define such substitutions to be functions on syntax. This will give
us a clean and direct definition of a-equivalence. We have to take great care
with the definition of capture avoiding substitution on abstractions where a
re-naming takes place, in particular with the choice of the re-naming variable.
The definition is in Figure A.1.

Proposition A.2 Suppose that E ~, E’ for any expressions E and FE'.
Then for any lists L and L*¢,

E[L** /L] ~qo E'[L*/L]

Proof The proof is by induction over ~. A full proof is, however, surpris-
ingly tricky. In fact many authors gloss over the details, and even suggest that
the induction is routine. The proof can only be regarded as routine once a
number of other small results have been proven, each one formalizing a fact
about properties of simultaneous substitution. Moreover, the “proofs” of each
of the results referred to requires the “other” results in its own proof. The
upshot is that they must all be proven by induction at the same time, with
the proof of each result calling the inductive hypotheses of the others. We
collect together these required results in Lemma A.3 and Lemma A.4. O

Lemma A.3 In this lemma, we will regard lists of variable L as lists of
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V[LF )L

el (posvy L) L*¢ if v, € L
TR
Vg if Vg Q L

(By By)[L€ /L) € (E\[L*¢ /L)) (Eo[L*¢ /L))

( \vy.. E[LEE /)]
XLV X ¢ fo(E)
tVXeT)| v
(vk & fo(el (pos X L) L))
(Avg. E)[LF€/L] &
A Uy E[vy /0] [LFE /L]
XTAX € fu(E)
if(3X eT)| A
v € fu(el (pos X T) LEE)

where

e w is chosen to be the maximum of the indices occurring E, L*¢ and L, plus
1; note that as v, € fu(el (pos X L) L£€) holds in the clause involving w,
then w > k; and

e given lists L*¢ and L of equal length, L£€ and L are the same lists in which
any occurrences of v in L together with their mates in L*¢ are removed.

Fig. A.1. Simultaneous Substitution

(simple) expressions L. Suppose that

®(E) ¥ (YL, L}, L, L})
(LinLy=@ANLiNLy =0 =
E[LY/L1\][L}y/ L] ~q E[LY [ Lo][LY[ LY/ Lo/ L4])
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and

®(E) ¥ (YL, L', M, M")(Vvy)
(VX € L(X}V X ¢ foE v mate(X) # v;)) =>
E[L'[M'/M]/L] ~o E[L'[M'/M]/L])

and

O(E) & (YL, L')(Voi) (v € foE => E[L'/L) ~, E[L'/T))

Then for all E € LE we have ®(E) A ¥ (E) A O(F)

Proof The proofis a very tedious strong induction over the size of expres-
sions and is omitted. In verifying, for example, an inductive step for ®(F),
one typically not only requires inductive hypotheses ®(E’) but also ¥(E') and
O(FE"). The three conjuncts cannot be proven independently. O

Lemma A.4 Forany FE € LE, any L; and L¥¢ of equal length, and Ly and
L%¢ of equal length, such that no free variable in L€ occurs in Ly, then

BILT® /L1][L5® [ Lo] ~a B[LT®, L3/ Ly, L]

Proof The proof is by induction over the size of . We omit the proof, but
remark that Lemma A.3 is crucial. O

Corollary A.5 The simultaneous substitution function for £E can be ex-
tended to LE/~,. More precisely there is a well defined function specified by
([Elas [L*€]a, L) +— [E[L*®/L]]o where [L*¢], means a list of a-equivalence
classes of expressions.

Proof The idea is to combine Proposition A.2 with the fact (provable by
induction) that if L£¢ and L4¢ are two lists of equal length and consist-
ing of pairwize a-equivalent expressions, then the function —[L£¢/+] equals
—[L5°/+. =

Remark A.6 In the remainder of this section, in any E[L'/L] the list L'
will in fact be a list of variables.

Lemma A.7 Let D € DB(|L|) be any expression, with L any ordered list.
Suppose also that £ > Max(D; L) + 1. Then vy, is not free in (D)), .

Proof We prove this by induction over DB. Constants are trivial.

var(i) |(var(i)), = v;. If K > Max(var(i); L) + 1 then k£ > 7 and we are done.
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bnd(j) | (bnd(j)); = elj L. Similar to previous case, k is strictly greater

than any index in L.

abs(D) |Pick £ > Max(abs(D); L) + 1 = Max(D; L) + 1. Note that

(abs(D)),, = Avarsa. (D)

vM+1,L

where M % Max(D; L). Thus k > M + 1 = Max(D;vpr41, L). If k = M + 1
then vy, is not free in (abs(D)),, as any free occurrence will be captured. If
k > M + 1 then k > Max(D; w41, L) + 1 and so by induction vy is not free
in (D),,,., , and so we are done.

D, $ D, | This case is easy and omitted.

|

Lemma A.8 Let L', L and L, L be ordered lists, with |I/| = |L| > 1. Let
D € DB(|L, L|). Then

(]DDi,L[LI/lA/] ~a (]DDL’,L

whenever

Min{k | Juy € L'} > Max(D; L, L) + #Abs(D) +1 (%)

where #Abs(D) is the number of “abstraction” nodes in D; and
Min{k | v, € L} > Max(D;€) + 1 (xx)
Proof

The proof is by induction over DB. Constants are trivial.

bnd(j) | We have

(bnd (), [L'/L] % (el (L, L))[L'/L] = el j (', L) = (bnd(5))y,.

where each step follows from the definitions, and the second equality holds
because L', L and L, L are ordered and |L| = |L'|.
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var (i)

(var(i));, L[LI/L] [LI/L] =0 «© Var(i)DL’,L

where the second equality holds because any index in L is greater than or
equal to Max(var(i);€) +1 =14+ 1 > i by assumption ().

abs(D) | Suppose that M % Max(abs(D); L, L) and

Min{k | 3vy € L'} > Max(abs(D); L, L) + #Abs(abs(D)) + 1
= M + (#Abs(D) + 1) + 1 (7)
> M+1 )

and Min{k | Ju, € L} > Max(abs(D); €) + 1 = Max(D;e) +1 (i)

Then we have

(abs(D));, ,[L'/L] = (Avarsa. (D), 1)L /L] (A.
= Avara- (DD, 0L/ L] (A

~a AUMI41 (IDDUMH,LL[L'/M[UM'+1/UM+1] (A.

~a AUyt (D UM+1,ﬁ,L[LlavM’+1/f/7 Vpr41] (A.
(A.

(A.

(A.

UM+1,iz,L|:/UM,+17 LI/UM+17 -z\/]

)
= )\’UMI_H. (IDD
)

~a AUM+1- (]D Uppr 415l L

S e g
R IR SRR

)
)
)
)
)
)
)

= (abs(D))y ;.

From (ii) vas41 ¢ L' and so the substitution in equation (A.1) does not involve

re-naming. Further, recall that by definition, M o Max(abs(D); L, L). Hence
vpmy1 € L and so, recalling the definition of substitution, equation (A.2) holds

with I = L' and L = L.

We set M' & Max(D; L', L) and so M’ > M + 1 by (ii). By appeal to
Lemma A.7, vy is not free in (D)), . ; , provided that

M' +1 > Max(D; var41, L, L) + 1.

35



But this holds, as M’ > M + 1, and by (iii) and list order, we have
MaX(D;’UM+1,IA/, Ly=M+1
Further, M’ + 1 is strictly greater than the indices in L' by definition, and

thus vy is not free in (]D[)vMH’i’L[L’/lAL]. By the axiom for a-equivalence,
equation (A.3) holds.

Again, as vyr41 € L' (proved above), by Lemma A.4 we have equation (A.4).
The equality (A.5) holds as we have vy,1 & L (proved above).

The equality (A.6) holds by induction together with the congruence of ab-
straction, as the conditions of the lemma both hold as follows: Note that (x)
is true as

Min{k | Jvy, € vppry1, L'} = Min{k | v, € L'}
> (M + 1)+ (#Abs(D) + 1)
= Max(D; vpre1, L, L) + #Abs(D) + 1

where the inequality holds by (i) and final equality follows from the arguments
above. Further, (xx) is true because (iii) implies

Min{k | vy € vars1, L} = Min{k | Jv, € L} > Max(D;e) + 1

D; $ D, | The easy details are omitted.

|

Corollary A.9 For any ordered L, and D € DB, there is a sufficiently large
w > 0 for which

(abs(D));, ~a Ave. (]Dl)'uw,L

Proof Recall that (abs(D)), © N opra. (D), With M © Max(D; L).
In particular vy 1, L is ordered. It follows from Lemma A.8 that

(]DDT)M+1,L[UW/UM+1] ~a (IDDvw,L T

provided that (x) and (*x) hold. (*) holds provided we choose

w > Max(D; vpr41, L) + #Abs(D) + 1

36



(#*) holds because

Min{k | vy € varp1} = M +1 = Max(D; L) +1 > Max(D;e) + 1

Further, v,,, L is ordered. We have

A Vg (]DDvw,L ~a AUy, (]DDvM+1,L[Uw/UM+1]

by applying a congruence rule to {; and

Avy. (D) 2Vw/ V1] ~a Avarga. (]DDvM+1,L = (abs(D)),,

UYM+1,

by appeal to Lemma A.7, noting w > Max(D;vpy1,L) + 1 implies v, ¢
O

fo(D),,,., 1, along with an instance of the axiom for a-equivalence.

Proposition A.10 Let E € L&, and let L and L' be lists, with L' ordered,

such that |L| = |L'|. Then
(H[E]ILDL’ ~a E[LI/L]
Proof

We apply induction over LE. As ever, constants are trivial.

V;

If v; & L, then ([vi], ), o var(i))) ., © v = v/ L).
If v; € L, then

([vil ) def (posv; L), def o (posv; L) L' def v[L' /L]

FE; E5 | The details are routine.

)\UZ'.E

(IAvi. E1, ) = (abs([E],, 1))y
~o A Ugp- (H[E]lu,-,L [)Uw,L,
~o AUy Evy, L' Jv;, L]
~o AUy Elvy, Jv;][L' ] L]
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= (Avy. E[ve/vi])[L'/L] (A.12)
~a (\vi. B)[L'/ L) (A.13)

Equivalence (A.9) holds by appeal to Corollary A.9 where w is also chosen large
enough to be fresh for F, L, L' and v;. Equivalence (A.10) holds by induction,
noting that v,, L' is indeed ordered. Equivalence (A.11) holds by appeal to
Lemma A.4. Equation (A.12) follows from the definition of substitution; note
that the choice of w ensures that there is no deletion of mate pairs. The final
step (A.13) follows using the axiom of a-equivalence, and Proposition A.2.

|

We now show that the function [—]. : £LE — PDB is equal on a-equivalent
expressions, using the following lemmas:

Lemma A.11 For any F € L& and lists L and L', and any vy, if the
following conditions

v € fo(E)Vop e L' (x)

and

ve Efo(E)Vop € L' (%)

hold, then

IIE]IL’,vk,L = [[E]l L' g, L

Proof We use induction over LE. Constants are trivial.

v; | We have to check that

ﬂ“i]]L',uk L= Ilvi]]L’,vk/,L

This requires a case analysis. If v; € L' we are done. Now suppose v; € L'. Note
that if v; = v, then by condition (%) we must have v; & v;, a contradiction.
Thus v; # vg. A symmetric argument for (#*) shows that v; # vg. Thus either
v; € L and we are done, or in fact v; is not in any of the lists and both sides
of the required equality are equal to var(i).

Av;. B | We have to check that

abs(l[E]Ivi,L’,vk,L) = abs(l[E]]’ui,L’,vk/,L)
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under the assumptions

vp & fudv,. E) Vo, € L'

and

vp & fu(Av;. E) Vo € L

The equality will follow by induction provided that both
v, & fo(E) V vy € vy, L (%)

and

vp ¢ fu(B)Vup €vi, L' (%)

hold. In (%) suppose that vy & v;, L'. We must then have vy & fu(Av;. F) and
Vg # Vi, 50 v € fu(E). Thus (%) holds. The argument for (x*) is analogous.

E, Ey | The easy details are omitted.

|

Lemma A.12 Let £ € L&, let L' and L be any lists, and let vy, vp be
variables for which vy & fu(E), vy ¢ L' and vy ¢ L'. Then we have

LElow /o]l = [Elpr g (%)

Proof We prove this result by induction on the size of the expression F,
where constants and variables have size 1, the size of an application is the sum
of the sizes of the two subterms, and the size of an abstraction is the size of
the body plus 1. Write size(E) for the size of E and ®(F) for () in which L,
L', k and k' are universally quantified and satisfy the given constraints. Write
U(n) for

(VE)(size(E) = n = ®(FE))
and we prove Vn.®(n) by strong induction on n. Note (carefully!) that we have

to prove U(1) explicitly—the base case for the induction. We write LHS and
RHS for the left and right hand sides of the equality in the lemma.

¥(1) | Consider arbitrary expressions of size 1. If a constant the result is

immediate. Otherwise we have a variable, say v;. We have to prove ®(v;).
Note that vy must not be free in v;, so i # k'.
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(Case i = k): If i = k then

LHS = I[Uk’]lL’,’Uk/,L = pOS Ukl (L/’ Uk’: L) =
pos v; (L,7 Uk, L) = Ilvi]lL’,vk,L = RHS

where the positions are equal due to the constraints of the lemma concerning
L.

Case 7 # k): We have to prove that [v;],, = v, .Ifv; € L' we are
( # k) b AL v, L il 17 v, L i

done. Now suppose v; € L'. Note further that k£ # ¢ # k’. Hence either v; € L

and we are done, or else v; ¢ L and then var(7) def [[Ui]]L’,vk,,L = ﬂvi]]L,’vk,L def

var().

(Vn)((Ym < n)(¥(m) = ¥(n))) |Choose arbitrary n > 2, and suppose that

U(m) holds for all m smaller than n. We must prove ¥(n). So consider an
arbitrary expression N of size n. We have to prove that ®(N) holds, assuming
®(M) for all expressions M of size smaller than N.

In the case when N € L is of the form E; F, the result follows by a routine
inductive argument which we omit.

In the case when N € L is of the form Av;. F, note that we can assume that
®(M) for any M with size(M) < size(E) + 1. We have to prove that

LHS < [(\vi- B)low /0llly1,,,1, = [\ 03 Bl < RHS

when vy & fo(Av;. E) dof fo(E)\ {v;}, and vy ¢ L' and vp & L'.

(Case i = k): Here the variable vy is not free in Av;. E and so LHS =
abs([E],, 1/,,,,r) and further RHS = abs([E],, 1/ ,, ;). Equality follows from
Lemma A.11-—we check the assumptions of the lemma are satisfied. Note that
if i = k' then we are (trivially) done. So suppose i # k. () holds as i = k
implies vy, € v;, L. (xx) holds as v & fu(E)\{v;} and ¢ # k' imply vxr & fu(E).

(Case i # k): Here the variable vy may be free in A v;. E.

(Subcase vy & fu(E) or v; # vy): This case is when the substitution does not
involve a renaming. Note that LHS = abs([E[vk /vk]],, 1s,,,.r) and RHS =

abs([E],, 1/ ,.L)-

In the case that v; # vy then vy ¢ fu(E) follows using the same reasoning
as in case 1 = k above. Further, as i # k and ¢ # k', LHS = RHS follows
inductively from ®(F), as size(E) < size(E) + 1.
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In the case that vy & fv(E) (and i = k' say), then LHS = abs([E],, 1/, 1)-
Equality follows from Lemma A.11—we check the assumptions of the lemma
are satisfied. (x) holds as vy & fu(FE). (%) holds as i = k' implies vy € v;, L.

(Subcase vy, € fo(E) and v; = vy): Here we have

LHS = vy Elvu/vllvg /ol .

(A.14)
= abs([E[vw/villvw /velly, 11, 1) (A.15)
= abs([E[vu/vi]l,, 10, 1) (A.16)
= abs([E],, 1 ,,.1) (A.17)
“ RHS (A.18)

In equation (A.14), w is the maximum of the indices in E, vy and vy, plus 1.

Equation (A.16) follows from inductive hypothesis ®(E[v, /v;]), since
size(Elvy, /v;]) = size(F) < size(EF) + 1,

both vy, and vy are not in vy, L', and also vy & fu(E[vy/v;]) using the original

assumption about vy and the definition of w. Equation (A.17) follows by

induction in a similar fashion. This completes the proof.

|

Proposition A.13 For any L, if E ~, E' then [E], = [E'],. In particular
I[E]le = I[El]le'

Proof By induction on the axioms and rules defining alpha equivalence, one
proves

(V(E, E') € ~a)(VL)([E], = [E].)

The only difficult part concerns the axiom A vg. E ~g A vgr. Elvg /vg] in which
vy is chosen so that it is not free in . We have

[Ave. E],, < abs([E],, ) = abs([E[vi /vi]l,,, ) = [Ave- Elow /uill,

The equality follows by appealing to Lemma A.12, with L' = € so that (triv-
ially) vy, and vy are not in L'
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We can now prove Theorem 3.1.

Proof Consider the following diagram, with ¢ the surjective quotient map.

LE ]] > PDB: ¢

0: LE]~y ~
/ (=De

We define 0([E],) dof [E], for any E € LE and ¢ g0 (—).- Note that the
definition of # is a good one, by appealing to Proposition A.13 which shows
that [—]_ is equal on a-equivalent expressions. We then have

(#o¢)(D)=1(D)]. =D

using Proposition A.1, and

(¢ 0 0)[Ela = [([E]DJa = [Ela

using Proposition A.10. O
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